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Influence of local voids on flow maldistribution in randomly packedfiber bundles 
is examined by Voronoi tessellation. A theoretical expression for  the local void 
distribution caused by random placement of fibers is developed by using a random- 
cell model. Simulations and packing experiments have been conducted to assess the 
accuracy of the theoretical distribution of cell sizes. In the case of shell side, laminar 
flow parallel to the fibers, the theoretical distribution is used to estimate fRe Cfriction 
factor times Reynolds number) and volumetric flows, and to compare results with 
ordered arrays and experimental data from literature. The results are used to assess 
the contributions of local voidage variations to flow bypass. This has implications 
for  theprediction ofpressure drop and heat and mass transfer in hollow-fiber module 
applications where transport is dominated by flow on the shell side. 

Introduction 
Hollow-fiber modules consisting of fiber bundles in a tube 

and shell configuration have been used in many applications 
such as filtration or contactor devices. They are being studied 
for use in membrane distillation and other separation proc- 
esses. Recent applications also include bioreactors. Mass trans- 
fer, heat transfer, and fluid dynamics in these modules have 
been extensively studied, assuming that the fibers are placed 
in ordered arrays (Shah and London, 1978; Wickramasinghe 
et al., 1991, 1992). However, the fibers, often numbering in 
the hundreds in a single bundle, are usually randomly packed 
in the module. There exists little literature on the effect of 
random-fiber replacement on the performance of the modules, 
except in general acknowledgment of its possible role in fluid 
bypass (Noda et al., 1979). 

In many hollow-fiber module applications, reduction of 
mass- and heat-transfer efficiency occurs due to the bypass of 
fluid around large numbers of fibers. This effect, also known 
as channeling, has a variety of causes such as irregular flow 
areas, fiber movement during operation, and the positioning 
of inlets and outlets. Recent studies suggested that twisting or 
winding of fibers may be a way to reduce observed channeling 
(Wickramasinghe et al., 1991, 1992). One possible contributor 
to channeling is the local variation of fiber spacing due to 
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random-fiber placement during the potting procedure used for 
fiber bundle assembly. 

Although the fibers are randomly packed in the modules, 
many studies of hollow-fiber module operations assume or- 
dered packing. This is done because of the ease of calculations 
due to the symmetry of the flow fields (Happel, 1959; Sparrow 
and Loeffler, 1959) and the enormous amount of experimental 
data in the literature available from heat-transfer studies using 
ordered tube banks (Shah and London, 1978). Theoretical 
solutions for the skin drag component of the pressure drop 
have been provided over the entire range of packing densities 
(Sparrow, 1959). However, for randomly packed bundles, ex- 
act solutions for every fiber are not practical. Experimental 
results at intermediate packing densities show that pressure 
drops and residence time tracer analyses deviate significantly 
from calculations for ordered arrays (Yang and Cussler, 1986; 
Noda et al., 1979). At very high random packing densities 
(around 8O%), locally ordered arrays begin to appear. In con- 
trast, at low packing densities, the flow around each fiber 
becomes independent of neighboring fibers. Unlike heat ex- 
changers, commercially available hollow-fiber modules often 
have large numbers of fibers and are randomly packed at 
intermediate packing densities (around 50%). These conditions 
are chosen for ease of assembly, economic considerations, and 
pressure drop considerations. Modeling of intermediate pack- 
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Figure 1. (a) Voronoi tessellation of flow area; (b) sche- 
matic of velocity contours between fibers de- 
fined by tessellation cells. 

ing densities is thus an important consideration in the design 
and operation of hollow-fiber modules. 

A few studies have considered the effect of random-fiber 
placement on flow perpendicular to the cylinders (Kuwabra, 
1959) and across fibrous filters (Yu and Soong, 1975). For 
flow parallel to the fiber, pressure drops have been experi- 
mentally determined by Sullivan (1942) for compact bundles 
of small diameter, solid fibers. Costello et al. (1993) have 
examined the effect of nonuniform packing on pressure drop 
and mass transfer for small microfiltration hollow fibers. Other 
studies have examined the effect of flow maldistribution ex- 
perimentally from the difference between expected and actual 
mass-transfer performance. The total contribution of chan- 
neling from all sources has been examined as a function of 
packing density by studying various fiber orientations, NMR 
flow imaging and tracer residence time distribution (Noda et 
al., 1979; Yang and Cussler, 1986; Wickramasinghe et al., 
1991; Wickramasingheet al., 1992; Heathet al., 1990; Hammer 
et al., 1990). 

This article describes the use of Voronoi tessellations to 

model fiber placements and its contribution to channeling in 
randomly packed bundles. Voronoi tessellation is a method to 
describe the subdivision of space between randomly packed 
objects by drawing straight boundaries equidistant between 
neighboring objects, forming polygonal cells. Voronoi tessel- 
lation is an attractive technique to analyze randomly packed 
fiber modules because it provides a way to calculate the geo- 
metric characteristics of random spacing that can be used to 
calculate overall properties. 

In this article, each fiber is considered to be surrounded by 
a polygonal cell defined by a Voronoi tessellation, described 
in detail below. The distribution of voidage and geometric 
characteristics of each cell reflect the effect of random place- 
ment of neighboring fibers. The effects of such local variation 
of voidage on flow distribution, pressure drop, heat and mass 
transfer have previously been estimated for packed beds of 
spherical particles by Haughey and Beveridge (1966, 1967) 
using effective hydraulic diameters. Using this approach, the 
distribution of cell sizes is used to calculate the distribution of 
voidages around the fibers. The change in the effective friction 
factor times the Reynolds number CfRe) is then calculated as 
a measure of the effect of channeling on pressure drop. Ap- 
plications to the calculation of other variables such as mass- 
transfer and heat-transfer coefficients are outlined. 

Modeling of Randomly Packed Hollow Fibers 
Voronoi tesselation 

Fiber bundles are regarded as a collection of parallel, rigid 
rods as shown in Figure la. The random packing of these rods 
may be simulated by the packing of monodispersed disks in a 
two-dimensional cross section of the fiber module (Tomadakis 
and Sotirchos, 1991). A range of techniques exist for generating 
two-dimensional packing geometries, and these have been used 
to simulate fiber bundles. 

In order to assess the effect of random-fiber placement, the 
cross-sectional area of the module is subdivided into smaller 
areas associated with each fiber. Each fiber is surrounded by 
a polygonal cell whose boundaries are defined by perpendicular 
bisectors of lines joining each fiber with its nearest neighbor. 
A typical Voronoi polygon is shown in Figure la. The distri- 
bution of polygon areas can then be determined for any given 
geometry, and this in turn gives the local porosity distribution. 
Such a geometrical approach has been extensively used in mod- 
eling porous media, including membranes (Chan et al., 1990). 

Flow through the fiber module is complicated by the irreg- 
ularity of the voids, making it difficult to determine detailed 
velocity profiles. At the boundaries of the Voronoi polygons, 
the velocity is at a maximum as they are equidistant from the 
adjacent fibers. A schematic of the velocity contours in ad- 
jacent fibers is shown in Figure lb. 

The simplest means to generate a cross section of non- 
overlapping, randomly placed fibers is to implement a random 
sequential addition (RSA) scheme where disks (fibers cross- 
sections) are randomly placed with the restriction of no over- 
lap. Although this method has been used to study the avail- 
ability of circular voids in 2D packing of disks, it is not capable 
of consistently producing packing densities greater than 55% 
(Alonso et al., 1992; Hinrichsen et al., 1986). Other simulation 
methods, such as the Metropolis Monte Carlo technique, can 
be used to generate higher packing densities. Glaser and Clark 
(1993) used a Voronoi tessellation of simulated high random 
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Figure 2. (a), (b), Calculated and Simulated (RSA) probability of cell sizes plotted as a function of ala; (c), (d) calculated 
and experimental (using steel balls) probability of cells sizes plotted as a function of ala, 

packing densities (0.7 to 0.91) to examine cell size distributions 
and determine the contributions of ordered and disordered 
regions in the melting of 2D crystal structures. This article 
considers a theoretical method to estimate the area distribution 
over the entire range of packing densities and compares the 
results to simulations using RSA and packing experiments us- 
ing randomly positioned steel balls. 

Probability density function 
Consider N fibers which are randomly placed in an area, 

A ,  which is the cross-sectional area of a module. The prob- 
ability that there is no other fiber within an area 4 is described 
by an exponential probability density function: 

which fulfills the criteria that: 

where (4) is the average area per fiber. However, as one can 
see in Figure 2a, the area associated with each fiber in the 
Voronoi tessellation is determined not just by the location of 
the nearest neighbor but by the location of all the nearest 
neighbors surrounding the fiber. This ranges from an average 

of four (at low packing densities) to six (at the limit of hex- 
agonal close packing). 

Thus, the area per fiber is actually a composite of randomly 
but identically distributed areas determined by the fiber’s near- 
est neighbors. Chan et al. (1988) have solved this composite 
probability density function comprising s separate exponential 
distributions: 

(3) 

In this context, s is the number of nearest neighbors, and the 
distribution of areas can be determined directly by integrating 
the probability density function. 

Before comparison between the calculated and simulated 
results can be done, the finite size of the fiber must be taken 
into account since an increase in packing density will decrease 
the amount of “free” area that neighboring fibers can occupy. 
One way to account for this has been described by Frenkel 
(1955). The loss of “free” area is taken into consideration by 
substituting: 

where a is the cross-sectional area of a cell containing a par- 
ticular fiber (including the fiber), a, is the average cross-sec- 
tional area per fiber (including the area of the fiber), and a, 
is the minimum cross-sectional area that a fiber can occupy. 
For a fiber with a circular cross section with a radius r: 
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for a fiber circumscribed by a hexagon for a triangular array 
and 

for a fiber circumscribed by a square for a square array. 
Thus, when s- 6, the probability density function can be writ- 
ten as: 

where 

(7) 

and the probability of a cell having an area between a, and a2 
is: 

where 

and similarly for s = 4. 

Comparison between simulation, packing experiments 
and probability density function 

Simulation using random sequential addition followed by 
Voronoi tessellation was carried out allowing no overlap of 
fibers to check the effectiveness of the probability density 
equations. The areas generated by the simulation were then 
tabulated according to size. This was done for packing densities 
from 6% to 47% and then compared with the calculated prob- 
ability using more than 100 points for each packing density 
for s = 4  and 6. 

Figure 2a and 2b shows probability plotted against area 
normalized with respect to average cell area. At lower packing 
densities, s = 4 appears to fit the simulation better, as predicted 
by Meijering ( 1953). At higher packing densities, the calculated 
distribution agrees better with s= 6. This is expected as there 
are six nearest neighbors in the limit of close packing. To 
measure the area distribution at higher packing densities than 
achievable by RSA, cell size distributions were generated using 
randomly positioned steel balls which can move freely. Ex- 
periments were conducted at packing densities of 5 1 Yo to 68%. 
One layer of steel balls [3 .2x m (0.125 in.) diameter from 
Austxalian Ball Co.] was packed in a hexagonal cell mounted 
on a speaker driven at 70 Hz. The positions of the balls were 
randomized by the variations of the speaker. The balls' po- 
sitions were captured by a charge capture device (CCD) array 
video camera (TCG Systems Automation, Pty. Ltd., Chip- 
pendale, Australia) and stored on computer using a Video 

Blaster frame grabber card (Creative Labs, 1 9 0 1  McCarthy 
Blvd., Milpitas, CA). Particle coordinates were then deter- 
mined using Global Labs image analysis software (Data Trans- 
lation Inc., 100 Locke Drive, Marlboro MA). Voronoi 
tessellation of the ball positions allowed cell area distributions 
to be determined at high packing densities (Figures 2c and 2d). 
The area distributions from the steel ball experiments and the 
RSA simulations agreed with each other. The results of Glaser 
and Clark (1993) and Hinrichsen et al. (1986) using computer 
simulation also gave similar area distributions to the packing 
experiments. 

The results show that the probability distribution is an asym- 
metric curve with a tail at high cell sizes. As the packing density 
increases, the shape of the curve becomes narrower and more 
symmetric about a/a, = 1 .  The probability density function 
follows the shape changes of the curve very well and gives a 
reasonable estimate of the geometric characteristics of the areas 
surrounding the fiber and local variations of voidage. Using 
s = 6, the maximum peak height at higher packing densities is 
consistently underestimated, which suggests that area distri- 
bution becomes correlated to more than an average of six 
nearest neighbors. This is probably due to longer range cor- 
relations coming into effect which requires acknowledgment 
of the influence of disk packing further away than the nearest 
neighbors. In general, however, the calculated distribution pro- 
vides a very good estimate of the cell sizes. 

Effect of Random Packing on Flow Distribution in 
Rigid Fiber Modules 

Membrane modules are often run in the laminar flow regime 
with flow parallel to the fibers. In the case of fully developed 
laminar flow parallel to the fibers on the shell side, the effect 
of the area distributions on pressure drop along the module 
can be calculated from methods used for treating heat-transfer 
rod bundles. Since the cell geometries are irregular, one way 
to estimate the effect of uneven fiber spacing is to approximate 
the local flow in the cells as corresponding to that of an equiv- 
alent ordered array of the same local porosity and number of 
neighbors. This calculation for the effective friction factor cf) 
times Reynolds number (Re= Dhup/v) is analogous to the 
treatment by Shah and London (1978) and Rehme (1971) for 
heat exchangers which have varying local flow distributions 
due to the presence of walls and corners in a rod bundle. This 
technique estimates overall effectivefle for rod bundles from 
local fRes by dividing the bundle into regions of different 
geometries (Rehme, 1971) and treating them as separate flow 
areas. Using the assumptions that the entrance and exit losses 
are small and that flow areas are parallel and of the same 
length L, the pressure drop (Ap) for laminar flow through each 
of the separate flow areas is the same and is given by: 

where p is the fluid density, v is the fluid viscosity, Dh is the 
hydraulic diameter, u is the velocity, A, is the cross-sectional 
area for flow, Q is the fluid flow rate, and the subscript i 
indicate the value for the ith flow area. Over the whole bundle 
of N flow areas, the pressure drop is also given by Shah and 
London (1978): 
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Ap= r$) (3)Q 
where 

4Ac Dh=- 
p w  

N 

Q=C Q; 
I =  I 

given that Dh is the hydraulic diameter, P ,  represents total 
wetted perimeter, A, is total cross-sectional area for flow, and 
Q is total fluid flow rate. Since Ap is the same for each separate 
flow area and across the whole bundle, Eqs. 9a and 9b can be 
substituted into Eq. 9f to give the effective value of fRe:  

where CfRe), is the effective f R e  for the overall bundle. Sub- 
stituting Eq. 9e into Eq. 9f yields: 

where P ,  is the wetted perimeter of the ith cell, A, is the cross- 
sectional area available for flow, and A,- is the flow area of 
the ith cell. In practice, a histogram describing the area dis- 
tribution may be constructed consisting of m categories. Each 
category represents a size interval of the area distribution. The 
effective f R e  is then given by: 

where Ni is the number of cells in the ith category. By dividing 
a heat exchanger rod bundle into channels defined by where 
the velocity gradient was considered zero (analogous to Vo- 
ronoi tessellation), Rehme (1971) used Eq. 10 to superimpose 
the solutions to local fRes to calculate overall f R e  of a heat 
exchanger rod bundle, achieving very good results when com- 
pared to detailed numerical analysis of the bundles. 

Applying the same method to the fiber bundle, the value of 
CfRe)i was determined by selecting the f R e  with the same 
porosity from the f R e  data for ordered arrays. If each Voronoi 
tessellation cell is considered as a separate channel using this 
approach, the wetted perimeter is 27rr (total wetted perimeter 
is = N2nr); the cross-sectional area for flow is given by ai - T? 
for each channel (total wetted channel = A  - NT?), and the 
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probability of each channel occurring is Pi= N l / N .  Equation 
10 can then be rewritten as: 

where ( f R e ) ,  is the effective f R e  for the fiber bundle, 
A - N d  = A E ,  and E = 1 - ( d / u 0 )  is the mean (bulk) porosity. 
The calculations shown in Figure 3 used m = 13 and includes 
over 99.9% of the cell size distribution. Little effect on CfRe), 
was seen when size intervals were halved, doubling m to 26 
categories. 

Figure 3 shows a comparison of CfRe), calculated from Eq. 
11 for random packing of fibers with experimental values ob- 
tained by Sullivan for randomly packed textile and other fibers, 
and with values for ordered arrays (Shah and London, 1978). 
Although the actual cells can have different numbers of neigh- 
bors, the two curves of CfRe), shown in Figure 3 use values 
of four and six neighbors, with data for square and triangular 
arrays used to determine local CfRe); for s = 4  and s = 6 ,  re- 
spectively. The curve for random packing and s = 6 should be 
compared with the hexagonal array (Shah and London, 1978), 
while the randomly packed model for s = 4 should be compared 
with the square array (Shah and London, 1978). In both cases, 
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Figure 4. Cumulative flow as a function of cumulative 
fraction of cells. 
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it can be seen that the effect of random packing is to depress 
the value of CfRe),. 

The reduction in CfRe), is also consistent with the experi- 
mental results shown by Sullivan (1942). The Sullivan (1942) 
data shows greater decrease in CfRe),, but that can be due to 
the fact that fine fibers were used. Fiber movement during 
pressure drop experiments is more likely with these small fibers 
than more rigid fibers, causing a lower CfRe),. At low packing 
densities (high porosities), the effect of neighboring fibers 
should decrease; however, the curves for s = 4 and s = 6 do not 
converge at low packing densities. The discrepancy could be 
due to the fact that the weighting term ( ( a,/a, - (1 - E ) ) / E ) ~  in 
Eq. 11 blows up near E = 1, making the equation very sensitive 
to small calculation errors. Subdivision of the flow around 
each fiber is also no longer realistic at very high porosities 
since the effect of neighboring fibers is negligible, and wall 
effects also become significant. At high packing densities, the 
fRe calculated for random packing converges smoothly into 
the results for ordered array near the 80% packing density. 
Modules approaching this high packing density begin to show 
local ordering of fibers, and the fRe  reflects this. 

The fractional flow through each channel can be calculated 
by an equation similar to that given by Shah and London 
(1978): 

where W, is the fractional flow through the ith channels. For 
E = 0.5, Figure 4 shows the cumulative flow compared to the 
cumulative fraction of cells. As expected from the area dis- 
tribution, a significant amount of flow occurs through a small 
number of large voids. Cells in the largest 20% of the total 
number of cells carry 50% of the flow. 

Discussion and Conclusions 
The results obtained show that the geometric characteristics 

of randomly packed hollow fiber molecules can be calculated 
using Voronoi tessellation methods and a simple probability 
density function. Voidage variations caused by the random 
placement have been successfully determined. Using a crude 
model to assess the impact of the voidage variation on pressure 
drop, a significant reduction in the pressure drop can be ac- 
counted for by the flow maldistribution caused by channeling 
through the randomly distributed gaps. 

Since rigid fibers were assumed, this model does not account 
for the effect of fiber movement. This can occur when hollow 
fibers swell or are assembled loosely within the module, re- 
sulting in clumping or bending of fibers and large gaps during 
fluid flow (Costello et al., 1993; Yang and Cussler, 1986). 
When the flow is not parallel to the fiber axis (due to bent or 
loose fibers or if fibers are deliberately twisted to improve mass 
transfer), form (inertial) drag must also be added in calculating 
expected pressure drops and transport properties. Even when 
more complex secondary flows are used to describe fluid flow 
and mass transfer in these bundles, the application of Voronoi 
tessellation to visualize and analyze module cross-sections can 
still yield the distribution of fiber spacings and estimate the- 
oretical flow distributions. 

Using the fiber spacing distribution, average mass- and heat- 
transfer coefficients can also be calculated for flow in these 

hollow fiber modules. Using a Gaussian distribution of fiber 
sizes, Wickramasinghe et al. (1992) recently calculated the ef- 
fect of variation of lumen flow areas on the mass-transfer 
coefficient. With the fiber spacing distribution calculated here, 
it is possible to use the same technique suggested by Wick- 
ramasinghe et al. (1992) to calculate mass-transfer coefficients 
for the flows parallel to and outside the fibers, accounting for 
random fiber packing. Treating the fiber bundle as a distri- 
bution of cell sizes, it is also possible to calculate heat-transfer 
coefficients using the techniques outlined by Shah and London 
(1978) for parallel multigeometry passages. The impact of ran- 
dom packing will vary widely with configuration of heat ex- 
changers and contactors (Shah and London, 1978). Random 
packing is likely to have a significant effect in predicting the 
theoretical flows and efficiencies of heat and mass transfer for 
hollow fiber units in membrane distillation and bioreactors, 
depending on configuration. These calculations will also be 
valuable for optimizing pressure requirements with surface 
area capacity of the module and performance of the membrane 
processes as well as isolating other contributions to flow mal- 
distribution. 
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Notation 
a =  
a, = 

a, = 
a, = 
A,  = 

A .  = 

Dh = 
Dhi = 

f =  
fRe  = 

CfRe), = 
($Re); = 

L =  
N =  
Ni = 

r =  
Re = 
P =  
P, = 

P ,  = 
P ,  = 

Q =  

w; = 

Ap = 

Q. = 

u =  

cross-sectional area incorporating a fiber (see Eq. 5) ,  m2 
minimum cross-sectional area for one fiber (1.1207 u? for 
hexagonal close packing and 1.2732 T? for a square array), 
m2 
area of ith size category (Eq. 1 l),  mz 
average cross-sectional area per fiber (Eq. 5 ) ,  m2 
total cross-sectional area in the module available for flow 
( A - N ~ ) ,  m2 
cross-sectional area in the ith size cell available for flow 
( a , - N d ) ,  mz 
hydraulic diameter (4A,/P,) ,  m 
hydraulic diameter (4A,/Pw) for the ith cell, m 
friction factor (Fanning) 
friction factor .Reynolds number 
effective j R e  for fiber bundle 
fRe  for ith size cross-sectional cell (determined by fRe  
values in order arrays) 
length of fiber bundle, m 
total number of fibers 
number of fibers with ith size category 
radius of fiber, m 
Reynold's number (Dhvp/v) 
probability of fibers within a size range (Eq. 9) 
probability of ith size cross-sectional cell for a fiber 
total wetted perimeter, m 
wetted perimeter for a cell of ith size cross-sectional area, 
m 
pressure drop, kg.m-1-s-2 
total fluid flow, kg.s-' 
total fluid flow in the ith cell, kg.s-l 
fluid velocity, m-s- '  
fractional flow through channels of the ith category 

Greek letters 
e = average (bulk) porosity = ( A  - Nu?)/A = ( 1  -packing 

density) 
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dimensionless area ( a  - a/),/( a, - a,) 
fluid viscosity, kg .m- ’. s -  
density, m3/kg 
cross-sectional area associated with one fiber (Eq. 4), m2 
average (bulk) cross-sectional area per one fiber, m2 
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